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ABSTRACT 
We consider a finite collection of polynomials in a single variable over some algebraically closed 
Heyting field. e.g. over the complex numbers. If we suppose some properties of the coefficients 
which are trivialities in discrete fields, we are able to decide whether those polynomials have com- 
mon roots or not. employing a substitute for the Euclidean algorithm due to Heyting. Moreover. 
provided that there are some roots, all of them are constructed by that method. Working in the 
framework of intuitionistic mathematics, we give Brouwerian examples which indicate how neces- 
sary the required hypotheses are. Finally, we make a conjecture how to get rid of these additional 
conditions. 
I. INTRODUCTION 
In this article we present an intuitionistic version of the Weak Nullstellensatz in 
a single variable, based on some decidability conditions for the coefficients of 
the polynomials under consideration, and elaborated in the spirit of Heyling 
([3] and [4], Chapter IV). Though intuitionistic algebra is still alive and suc- 
cessful (see e.g. [6] and [7], Chapter g), after Heyting’s days there has apparently 
not been great advance in localizing common zeroes of several polynomials 
with coefficients merely given by approximation. In constructive algebra even 
the strong Nullstellensatz is proven for several variables over discrete fields 
admitting splitting fields ([5], Chapter VIII, Theorem 3.5). In the particular case 
of the rational and the algebraic numbers this proposition was already known 
to Heyting ([3], 4.3.2). Therefore let us mention that we consider the situation 
over nondiscrete Heyting fields as well, the most important examples of which 
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being the real line and the complex plane. On the other hand, we do not work 
over more general fields; note that what Heyting was used to call a field is 
nowadays known as a Heyting field, since, in constructive number theory, one 
can end up at nondiscrete fields with an apartness relation that is not necessa- 
rily tight (cf. [5], p. 77). 
From our geometric point of view it is even reasonable to concentrate on 
Heyting fields which are algebraically closed or, at least, provided with an al- 
gebraic closure. Although there is a construction for algebraic closures of 
countable discrete fields which goes back to Kronecker, one cannot expect to 
find an algebraic closure of an arbitrary noncountable discrete or even non- 
discrete Heyting fields. Unfortunately, in these situations the famous existence 
theorem due to Steinitz fails to have constructive content. But, at least in the 
case of the intuitionistic continuum, we are fortunate: The Fundamental The- 
orem of Algebra, whose first intuitionistic proofs were given in 1924 by L.E.J. 
Brouwer, B. de Loor and, independently, by H. Weyl (see [2]), tells us that the 
complex plane as a nondiscrete Heyting field is algebraically closed; moreover, 
it is an algebraic closure of the real line. 
We refer the reader to [l], [5] and [7] for principles and terminology of in- 
tuitionistic and constructive mathematics, though some features, especially 
those particular to algebra, get explained as this article proceeds. In order to 
stress permanently that we deal both with the discrete and the nondiscrete case, 
we retain Heyting’s notation ‘apartness’ (#) instead of the nowadays mostly 
preferred term ‘inequality’ (#) for the relation that indicates which elements of 
a given set are positively different. In this way we follow also the example of [7]. 
Moreover, if S is a set with an apartness relation #, T c S and x E S, we write 
‘x is apart from T’ (x @ T) as a shorthand for ‘x#u for all y E T’. By these 
conventions we also try to avoid any risk of confusion between inequality - that 
is, absurdity of equality - and apartness: Discrete fields are characterised by the 
possibility of deciding whether, for any given scalar c, either c = 0 or else c # 0 
holds. This property entails that apartness coincides with inequality; in non- 
discrete fields, however, one cannot be sure that both concepts are actually 
equivalent. 
2. HEYTING’S ALGORITHM 
Let K be a Heyting field. By K[X] we denote the ring of polynomials in a single 
variable X with coefficients in K. We consider a finitely generated’ ideal 
Z = (fi, . ,fi) in K[X]. Let ml,. . . , m, be the maximal degrees and Xi,. . , A, E 
K the leading coefficients of fi, ,fi respectively, i.e. 
‘In constructive mathematics the Hilbert basis theorem in its classical form is not generally ap- 
plicable; moreover, one cannot show that an arbitrary ideal in a finite field is finitely generated (cf. 
[I], p. 91 sq. and [5], Chapter VIII). 
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j; = XiJ? + (terms of lower degree) (1 5 i 5 r). 
Assuming ml > > m,, we set n = ml + m2 and form the dialytic matrix M 
for degree n - 1 of the equations f, = 0,. ,fr = 0. In other words, the coeffi- 
cients of the polynomials 
J;. X,/j,. , Xn-‘l-l,fi.. . . ,.fi.? x-f;., . . X” -“‘I ‘J; 
constitute the columns of M; note that M has precisely n rows and at least n 
columns’. From now on we suppose that 
(*I ut least onej; is manic of degree mi, and M has rank k,jbr somt~ k < n. 
two conditions which are trivially satisfied if I # 0 and K is discrete’. 
Extending Sylvester’s method of resultants, Heyting ([3], 4.2.1-4.2.7) replaced 
the Euclidean algorithm4 by another way of finding the greatest common divi- 
sor of the polynomials f,, . . ,,fi. To be more precise, he constructed the 
uniquely determined polynomial d E I which is manic of degree n - k, making 
use only’ of (*), and showed finally that d divides each ,f;, which is to say 
I = (d). 
Roughly speaking, Heyting used polynomial division by the manic one among 
the polynomials f; in order to show that each g E I of degree 5 n ~ 1 can be 
written as g = hl fi + . . . + h,.f, where every lz; E K[X] has degree < II - 1, too. 
Thus he transformed the question whether some g E K[X] of degree 5 n - 1 
belongs to I into the problem of solving the system of n linear equations 
Mx = ~1 where the vector y is constituted by the coefficients of g. For the latter 
he utilized the apparatus of intuitionistic linear algebra well developed by 
himself ([3], $2). 
Of course, Heyting’s algorithm works in many situations where the Euclidean 
algorithm fails, as in the following: 
2.1. Brouwerian examples. Let r = 2 and a E K such that it is unknown whe- 
ther a = 0 or not. Then we have: 
‘In case r = 2. M is a square matrix and det M is the resultant of f; and 1;. 
‘If K is nondiscrete, one may neither be able to assert A, # 0 for any i. nor to localise in M some 
h-minor # 0 and to show that every (k + 1)-minor in M vanishes. 
“which is not generally applicable over nondiscrete fields, see the examples below. 
‘He even supposed f; #0 for every i, an additional hypothesis which he did not really need in his 
argument. 
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Depending thoroughly on the tightness of the apartness relation in K, the 
above method does not seem to extend directly to polynomials over local rings. 
3. THE WEAK NULLSTELLENSATZ 
Up to the end of this article let K be an algebraically closed6 Heyting field. 
Heyting applied the algorithm described above to Nullstellensatz problems 
([3], 4.2.7-4.3.3), yielding some results which read as follows7: Le Z(Z) denote 
the zero set of Z in K, that is the subset of K constituted by all common zeroes of 
fi , . ,fr. Then: 
(A) If k = n, then for every c E K one can find some i with J;(c) # 0. 
(B) If Z(Z) is inhabited’ then k < n. 
(C) If k < n then Z(Z) = 0 is impossible. 
(D) If for every c E K one can find some i with J;:(c) # 0, then k = n. 
Let us summarize Heyting’s results on the non-existence of common roots. The 
following conditions are equivalent: 
l k=n 
0 d=l 
0 1EZ 
0 Z(Z) = 0 
l For every c E K one can find some i with J(c) # 0. 
But apparently Heyting did not discover the following positive strengthening 
both of(C) and of the contrapositive of(D): 
Theorem 3.1. Zf k < n then Z(Z) is inhabited. Moreover, all common roots of theJ; 
can be constructed, and their number is at most n - k. 
Proof. The common divisor d of allJ is manic of degree n - k > 1. Hence some 
root c of d in K can be constructed since K is supposed to be algebraically 
closed. Polynomial division by X - c yields d = (X - c) q where q is manic of 
degree n - k - 1 2 0. If n - k = 1, then q = 1 and we are finished; if n - k > 1, 
then we construct some root of q and continue. 0 
As an immediate consequence we get a special kind of weak Nullstellensatz: 
Corollary 3.2. Zf 1 E Z is absurd then Z(Z) is inhabited. 
Note that one may not be able to distinguish the constructed common roots. 
6i.e. for any given polynomial j’ E K[X] with f #K one can construct a root off. 
‘Unfortunately, Heyting wrote M = 0 and M # 0 when he probably wanted to say k < n and k = n 
respectively 
‘i.e. one can construct a member of Z(I). 
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Remark 3.3. The zero set Z(Z) of I in K is finitely enumberable”. 
Might all this be a starting point for intuitionistic algebraic geometry? 
4. COMPLEMENTS 
Let us investigate the necessity of our restrictive conditions (*). Already Hey- 
ting noticed ([3], 4.3.4) that for the proof of (A), (B) and (C) there is no need of a 
manic ,f), but that in the case of (D) this prerequisite is as essential as for his 
way to construct the greatest common divisor and, thus, for our above theo- 
rem. 
On the other hand, if we skip the condition that A4 has a certain rank. then we 
at once get into trouble, as in the following situations: 
4.1. Brouwerian examples. Let I’ = 2 and ~1 E K such that it is unknown whe- 
ther u = 0 or not. Then we have: 
Note that in the second example Z(I) = (0) and, thus, 1 $Y I holds in both 
cases, an observation which shows the necessity to get rid of the hypotheses (*) 
in order to obtain a more satisfying Nullstellensatz in intuitionistic algebra, at 
least in the simplest case of a single variable. The best one can expect is a for- 
mulation which, besides being free of widely undecidable properties, only de- 
pends on necessary hypotheses, as the following ‘interchanging of quantifiers’ 
does. At this stage, we only dare to propose it over the field @ of complex 
numbers: 
4.2. Conjecture. Let I be a finitely generated ideal in C[X]. Provided that for 
each single ,f E I one can construct a complex root of ,f’, one should be able to 
localize in c a common root of all ,f E I. 
But Heyting’s linear-algebraic access, though being admirably sophisticated. 
might not be suitable under such general circumstances. 
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“i.e. Z(l) is either empty, or there is a mapping from { 1.. N} onto Z(1) for some h’ 2 I. 
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